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M
otivation

1

C
M

B
R

1
0 −

1
7

1
0 −

1
8

1
0 −

1
9

1
0 −

2
0

1
0 −

2
1

1
0 −

2
2

1
0

1
1

0
0

1
0

0
0

1
0

1
.0

0
.1

W
a

v
e
le

n
g
th

 (cm
)

F
re

q
u

e
n

cy
 (G

H
z
)

F
IR

A
S

D
M

R
U

B
C

L
B

L
−

Ita
ly

P
rin

ce
to

n
C

y
a

n
o
g
e
n

C
O

B
E

 sa
te

llite
C

O
B

E
 sa

te
llite

so
u

n
d

in
g
 ro

ck
e
t

W
h

ite
 M

t. &
 S

o
u

th
 P

o
le

g
ro

u
n

d
 &

 b
a

llo
o
n

o
p

tica
l

2
.7

2
6

  K
  b

la
ck

b
o
d

y

Iν (W m−2 sr−1 Hz−1)

(after
S

m
oot,1997,F

ig.1)

P
enzias

&
W

ilson
(1965):

“M
easurem

entofE
xcess

A
ntenna

Tem
perature

at

4080
M

c/s”

=
⇒

C
osm

ic
M

icrow
ave

B
ackground

R
adiation

(C
M

B
R

)

T
he

C
M

B
R

spectrum
is

fully
consistentw

ith
a

pure
P

lanckian
w

ith

tem
perature

T
C

M
B

R
=

2
.728
±

0
.004

K
:a

relictofthe
hotbig

bang.
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M
otivation

2

C
M

B
R

A
ssum

ption:
E

arly
universe

w
as

hotand
dense

=
⇒

E
quilibrium

betw
een

m
atter

and
radiation.

G
eneration

ofradiation,e.g.,in
pair

equilibrium
,

γ
+

γ
←
→

e
−

+
e

+
(6.1)

E
quilibrium

w
ith

electrons,e.g.,via
C

om
pton

scattering:

e
−

+
γ
−
→

e
−

+
γ

(6.2)

w
here

the
electrons

are
linked

to
protons

via
C

oulom
b

interaction.

O
nce

density
low

and
tem

perature
below

photoionization
for

H
ydrogen,

H
+

γ
←
→

p
+

e
−

(6.3)

D
ecoupling

ofradiation
and

m
atter

=
⇒

A
diabatic

cooling
ofphoton

field.

P
roof

for
these

assum
ptions,and

lots
ofgory

details:
this

and
the

nextfew

lectures!
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M
otivation

3

C
M

B
R

R
em

inder:
P

lanck
form

ula
for

energy
density

ofphotons:

B
λ

=
d
u

dλ
=

8
π
h
c

λ
5

1

exp
(h

c/k
B T

λ
)
−

1
(6.4)

(units:
erg

cm
−

3
Å
−

1),w
here

k
B

=
1
.38
×

10
−

16
erg

K
−

1
(B

oltzm
ann)

and
h

=
6
.625
×

10
−

27erg
s

(P
lanck)

(6.5)

F
or

λ
≫

h
c/k

B T
:

R
ayleigh-Jeans

form
ula:

B
λ
∼

8
π
k

B T

λ
4

(6.6)

(classicalcase,diverges
for

λ
−
→

0,“Jeans
catastrophe”).

T
he

w
avelength

ofm
axim

um
em

ission
is

given
by

W
ien’s

displacem
entlaw

:

λ
m

ax
=

0
.201

h
c

k
B T

(6.7)
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M
otivation

4

C
M

B
R

T
he

totalenergy
density

ofthe
C

M
B

is
obtained

by
integration:

u
=

∫

∞

0

B
λ

dλ
=

8
π

5(k
T

) 4

15
h

3c
3

=
4
σ

S
B

c
T

4
=

a
rad T

4
(6.8)

w
here

σ
S

B
=

5
.670
×

10
−

5
erg

cm
−

3
K
−

4
S

tefan-B
oltzm

ann
(6.9)

a
rad

=
7
.566
×

10
−

15
erg

cm
−

2
K
−

4
s
−

1
radiation

density
constant

(6.10)

S
ince

the
energy

ofa
photon

is
E

γ
=

h
ν

=
h
c/λ

,the
totalnum

ber
density

of

photons
is

n
=

∫

∞

0

B
λ

dλ

h
c/λ

=
20

.28
T

3
photons

cm
−

3
(6.11)

T
hus,for

today’s
C

M
B

R
:

n
C

M
B

R
=

400
photons

cm
−

3
(6.12)
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M
otivation

5

C
M

B
R

F
or

the
C

M
B

R
today:

n
C

M
B

R
=

400
photons

cm
−

3
(6.12)

C
om

pare
thatto

gravitating
m

atter
(protons

for
now

).

=
⇒

criticaldensity:

ρ
c

=
3
H

2

8
π
G

=
1
.88
×

10
−

29h
2

g
cm
−

3=
1
.13
×

10
−

5
h

2
protons

cm
−

3
(3.58)

since
m

p
=

1
.67
×

10
−

24
g.

=
⇒

photons
dom

inate
the

particle
num

ber:

n
C

M
B

R

n
baryons

=
3
.54
×

10
7

Ω
h

2
(6.13)

=
⇒

baryons
dom

inate
the

energy
density:

u
C

M
B

R

u
baryons

=
a

rad T
4

Ω
ρ

c c
2

=
4
.20
×

10
−

13

1
.69
×

10
−

8Ω
h

2 =
1

40260
Ω
h

2
(6.14)

T
hat’s

w
hy

w
e

talk
aboutthe

m
atter

dom
inated

universe.
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M
otivation

6

C
M

B
R

T
he

U
niverse

w
as

notalw
ays

m
atter

dom
inated:

R
em

em
ber

the
scaling

law
s

for
the

(energy)
density

ofm
atter

and
radiation:

ρ
m
∝

R
−

3

ρ
r
∝

R
−

4
=
⇒

ρ
r

ρ
m
∝

1R
(3.63,3.64)

=
⇒

P
hotons

dom
inate

for
large

z,i.e.,early
in

the
universe!

S
ince

1
+

z
=

R
0 /R

(E
q.3.40),m

atter-radiation
equality

w
as

at

1
+

z
eq

=
40260

Ω
h

2
(6.15)

(for
h

=
0
.75,1

+
z

eq
=

22650)

T
he

above
definition

of
z
eq

is
notentirely

correct:
neutrino

background,w
hich

increases
the

background
energy

density,is
ignored

(u
ν
∼

68
%

u
γ ,see

later).

F
orm

ally,m
atter-radiation

equality
defined

from
n

baryons
=

n
relativistic

particles ,giving

1
+

z
eq

=
23900

Ω
h

2
(6.16)

(for
h

=
0
.75,1

+
z

eq
=

13440).
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M
otivation
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C
M

B
R

W
hathappened

to
the

tem
perature

ofthe
C

M
B

R
?

C
om

pare
C

M
B

R
spectrum

today
w

ith
earlier

tim
es.

(D
ifferential)

E
nergy

density
in

[λ
,λ

+
d
λ
]:

d
u

=
B

λ d
λ

(6.17)

C
osm

ologicalredshift:
λ
′

λ
=

R
′

R
=

1

1
+

z
=

a
(3.47)

Taking
the

expansion
into

account:

d
u
′=

d
ua
4

=
8
π
h
c

a
4λ

5

d
λ

exp
(h

c/k
T

λ
)
−

1
=

8
π
h
c

a
5λ

5

ad
λ

exp
(h

c/k
T

λ
)
−

1

=
8
π
h
c

λ
′ 5

d
λ
′

exp
(h

ca
/k

T
λ
′)
−

1
=

B
λ
′(T

/a
)

(6.18)

T
herefore,the

P
lanckian

rem
ains

a
P

lanckian,and
the

tem
perature

ofthe
C

M
B

R
scales

as

T
(z

)
=

(1
+

z
)T

0
(6.19)

T
he

early
universe

w
as

hot=
⇒

H
otB

ig
B

ang
M

odel!
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O
verview

1

O
verview

a
(t)

t
T

[K
]

ρ
m

atter
M

ajor
E

vents

since
B

B
[K

]
[g

cm
−

3]

10
−

42
10

30
P

lanck
era,“begin

ofphysics”

10
−

40...−
30

10
25

Inflation?

10
−

13
∼

10
−

5
s
∼

10
13
∼

10
9

generation
ofp-p

−
,and

baryon

anti-baryon
pairs

from
radiation

background

3
×

10
−

9
1

m
in

10
10

0
.03

generation
ofe

+
-e
−

pairs
outof

radiation
background

10
−

9
10

m
in

3
×

10
9

10
−

3
nucleosynthesis

10
−

4...10
−

3
10

6...7
yr

10
3...4

10
−

21...−
18

E
nd

ofradiation
dom

inated
epoch

7
×

10
−

4
10

7
yr

4000
10
−

20
H

ydrogen
recom

bines,decoupling
of

m
atter

and
radiation

1
15
×

10
9

yr
3

10
−

30
now

©
J.S

chom
bert
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B
ig

B
ang

T
herm

odynam
ics

1

T
herm

odynam
ics,I

D
ensity

in
early

universe
is

very
high.

P
hysicalprocesses

(e.g.,photon-photon
pair

creation,electron-positron
annihilation

etc.)
allhave

reaction
rates

Γ
∝

n
σ
v

(6.20)

w
here

n
:

num
ber

density
(cm

−
3)

σ
:

interaction
cross-section

(cm
2)

v:
velocity

(cm
s
−

1)

T
herm

odynam
ic

equilibrium
reached

ifreaction
rate

m
uch

faster
than

“changes”
in

the
system

,

Γ
≫

H
(6.21)

W
here

the
H

ubble
param

eter,H
,is

a
good

m
easure

for
(typicaltim

escale
ofthe

U
niverse

) 1.

Iftherm
odynam

ic
equilibrium

holds,then
w

e
can

assum
e

evolution
ofuniverse

as
sequence

of

states
oflocaltherm

odynam
ic

equilibrium
,and

use
standard

therm
odynam

ics.

B
efore

looking
atrealuniverse,firstneed

to
derive

certain
usefulform

ulae
from

relativistic

therm
odynam

ics.
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B
ig

B
ang

T
herm

odynam
ics

2

T
herm

odynam
ics,II

F
or

idealgases,therm
odynam

ics
show

s
thatnum

ber
density

f
(
p

)d
p

ofparticles
w

ith
m

om
entum

in
[p,p

+
d
p]is

given
by

f
(
p

)
=

1

exp
((E
−

µ
)/k

B T
)
+

a
(6.22)

w
here

a
=



+
1

:
F

erm
ions

(spin=
1/2,3

/2,...)

−
1

:
B

osons
(spin=

1,2,...)

0
:

M
axw

ell-B
oltzm

ann

and
w

here
the

energy
includes

the
rest-m

ass:

E
2

=
|p
| 2

c
2

+
m

2c
4

(6.23)

µ
is

called
the

“ chem
icalpotential”.

Itis
preserved

in
chem

icalequilibrium
:

i
+

j
↔

k
+

l
=
⇒

µ
i +

µ
j

=
µ

k
+

µ
l

(6.24)

p
h

o
to

n
s:

m
ulti-photon

processes
exist=

⇒
µ

γ
=

0.
p

articles
in

th
erm

aleq
u

ilib
riu

m
:
µ

=
0

as
w

ellbecause
ofthe

firstlaw
oftherm

odynam
ics,

d
E

=
T

dS
−

P
dV

+
µ

d
N

(6.25)

and
in

equilibrium
system

stationary
w

ith
respectto

changes
in

particle
num

ber
N

.
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B
ig

B
ang

T
herm

odynam
ics

3

T
herm

odynam
ics,III

In
addition

to
num

ber
density:

differentparticles
have

internaldegrees
offreedom

,
g.

E
xam

ples:

p
h

o
to

n
s:

tw
o

polarization
states

=
⇒

g
=

2

n
eu

trin
o

s:
one

polarization
state

=
⇒

g
=

1

electro
n

s,p
o

sitro
n

s:
spin=

1
/2

=
⇒

g
=

2

K
now

ing
g

and
f
(p),itis

possible
to

calculate
interesting

quantities:

particle
num

ber
density:

n
=

g

(2
π
~
) 3

∫

f
(
p

)
d

3p
(6.26)

energy
density:

u
=

ρ
c

2
=

g

(2
π
~
) 3

∫

E
(
p

)
f
(
p

)
d

3p
(6.27)

To
calculate

the
pressure,rem

em
ber

thatkinetic
theory

show
s:

P
=

n3
〈pv
〉

=
n3

〈

p
2c

2

E

〉

(6.28)

such
that

P
=

g

(2
π
~
) 3

∫

p
2c

2

3
E

f
(
p

)
d

3p
(6.29)
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B
ig

B
ang

T
herm

odynam
ics

4

T
herm

odynam
ics,IV

G
enerally,w

e
are

interested
in

know
ing

n
,
u

,and
P

in
tw

o
lim

iting
cases:

1.the
ultra-relativistic

lim
it,w

here
k

B T
≫

m
c

2,i.e.,kinetic
energy

dom
inates

the
rest-m

ass

2.the
non-relativistic

lim
it,w

here
k

B T
≪

m
c

2

Transitions
betw

een
these

lim
its

(i.e.,w
hathappens

during
“cooling”)

are
usually

m
uch

m
ore

com
plicated

=
⇒

ignore...

6–14

To
derive

the
num

ber
density,the

energy
density,and

the
equation

ofstate,note
thatE

q.(6.23)
show

s

E
=
√

p
2c

2
+

m
2c

4
(6.23)

such
that

p
=
√

E
2
−

m
2c

4/c
(6.30)

T
herefore

dEdp
=

p
c

2

√

p
2c

2
+

m
2c

4
(6.31)

from
w

hich
itfollow

s
that

E
dE

=
p
c

2
dp

(6.32)

T
hus

the
follow

ing
holds

+
∞

y−
∞

d
3p

=

∫

∞

0
4π

p
2

dp
=

∫

∞

m
c

2

4πc
3

(E
2
−

m
2c

4
)

1/
2
E

dE
(6.33)

G
oing

to
a

system
ofunits

w
here

c
=

k
B

=
~

=
1

(6.34)

to
save

m
e

som
e

typing,substitute
these

equations
into

E
qs.(6.26)–(6.29)

to
find

n
=

g

2π
2

∫

∞

m

(E
2
−

m
2
)

1/
2
E

d
E

ex
p

((E
−

µ
)/T

)
±

1
(6.35)

ρ
=

g

2π
2

∫

∞

m

(E
2
−

m
2
)

1/
2
E

2
dE

ex
p

((E
−

µ
)/T

)
±

1
(6.36)

P
=

g

6π
2

∫

∞

m

(E
2
−

m
2
)

3/
2

dE

ex
p

((E
−

µ
)/T

)
±

1
(6.37)

w
hich

can
in

som
e

lim
iting

cases
be

expressed
in

a
closed

form
(K

olb
&

Turner,1990,
eq.3.52

ff.)
(see

follow
ing

view
graphs).
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B
ig

B
ang

T
herm

odynam
ics

5

T
herm

odynam
ics,V

In
the

ultra-relativistic
lim

it,
k

B T
≫

m
c

2,and
assum

ing
µ

=
0,

n
=

{

ζ
(3

)
π

2
g
(

k
B T
~
c

)

3
B

osons
34

ζ
(3

)
π

2
g
(

k
B T
~
c

)

3
F

erm
ions

(6.38)

u
=

{

π
2

30
g

k
B T
(

k
B T
~
c

)

3
B

osons
78

π
2

30
g

k
B T
(

k
B T
~
c

)

3
F

erm
ions

(6.39)

P
=

ρ
c

2/3
=

u
/3

(6.40)

w
here

ζ
(3

)
=

1
.202

...,and
ζ
(s)

is
R

iem
ann’s

zeta-function
(see

handout,

E
q.6.48).

E
q.(6.40)

is
a

sim
ple

resultofthe
factthatin

the
relativistic

lim
it,

E
∼

pc.
Inserting

this
and

v
=

c
into

E
q.(6.28)

gives
the

desired
result.

A
s

expected,w
e

find
the

T
4

proportionality
from

the
S

tefan
B

oltzm
ann

law
!



6–15

O
btaining

the
previous

form
ulae

is
an

exercise
in

special
functions.

F
or

exam
ple,

the
T
≫

m
,
T
≫

µ
case

for
ρ

for
B

osons
(E

q.
6.39)

is
obtained

as
follow

s
(setting

c
=

k
B

=
~

=
1):

ρ
B

oson
=

g

2π
2

∫

∞

m

(E
2
−

m
2
)

1/
2
E

2
d
E

ex
p

((E
−

µ
)/T

)
±

1
(6.41)

because
of

T
≫

µ

≈
g

2π
2

∫

∞

m

(E
2
−

m
2
)

1/
2
E

2
d
E

ex
p
(E

/T
)
±

1
(6.42)

for
B

osons,choose
−

1,and
substitute

x
=

E
/T

:

=
g

2π
2

∫

∞

m
/
T

(x
2T

2
−

m
2
)

1/
2
x

2T
3

d
x

ex
p
(x

)
−

1
(6.43)

S
ince

T
≫

m
,

≈
g

2π
2

∫

∞

0

x
3T

4
d
x

ex
p
(x

)
−

1
(6.44)

=
g
T

4

2π
2

∫

∞

0

x
3

d
x

ex
p
(x

)
−

1
(6.45)

=
g
T

4

2π
2
·6ζ

(4)
(6.46)

=
π

2

30
g
T

4
(6.47)

w
here

ζ
(s)

is
R

iem
ann’s

zeta-function,
w

hich
is

defined
by

(A
bram

ow
itz

&
S

tegun,1964)

ζ
(s)

=
1

Γ
(s)

∫

∞

0

x
s
−

1

ex
p
(x

)
−

1
dx

for
R

e
s

>
1

(6.48)

w
here

Γ
(x

)
is

the
G

am
m

a-function.
N

ote
that

ζ
(4)

=
π

4/90.

6–15

F
or

F
erm

ions,everything
is

the
sam

e
exceptfor

thatw
e

now
have

to
choose

the
+

sign.
T

he
equivalent

ofE
q.(6.45)

is
then

ρ
F

erm
i =

g
T

4

2π
2

∫

∞

0

x
3

dx

ex
p
(x

)
+

1
(6.49)

N
ow

w
e

can
m

ake
use

ofform
ula

3.411.3
ofG

radstein
&

R
yshik

(1981),

∫

∞

0

x
ν
−

1
dx

ex
p
(µ

x
)
+

1
=

1µ
ν
(1
−

2
1
−

ν)Γ
(ν

)ζ
(ν

)
for

R
e
µ
,ν

>
1

(6.50)

to
see

w
here

the
additionalfactor

of7/8
in

E
q.(6.39)

com
es

from
.
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B
ig

B
ang

T
herm

odynam
ics

6

T
herm

odynam
ics,V

I

In
the

non-relativistic
lim

it:
k

B T
≪

m
c

2

=
⇒

can
ignore

the
±

1
term

in
the

denom
inator

=
⇒

S
am

e
form

ulae
for

B
osons

and
F

erm
ions!

n
=

2
g

(2
π
~
) 3 (2

π
m

k
B T

) 3
/2e
−

m
c

2/k
B T

(6.51)

u
=

n
m

c
2

(6.52)

P
=

n
k

B T
(6.53)

T
herefore:

•
density

dom
inated

by
rest-m

ass
(ρ

=
u
/c

2
=

m
n

)

•
P
≪

ρ
c

2/3,i.e.,m
uch

sm
aller

than
for

relativistic
particles.

•
P

article
pressure

only
im

portantifparticles
are

relativistic.

O
bviously,relativistic

particles
w

ith
m

=
0

(or
very

close
to

0)
w

illnever
getnonrelativistic.

S
till,they

can
“decouple”

from
the

restofthe
universe

w
hen

the
interaction

rates
go

to
0.
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B
ig

B
ang

T
herm

odynam
ics

7

E
quation

ofS
tate

P
ressure

ofultra-relativistic
particles

≫
P

ressure
ofnonrelativistic

particles

=
⇒

N
onrelativistic

particles
unim

portantfor
equation

ofstate.

F
or

relativistic
particles:

u
bosons

=
π

2

30
g

k
B T

(

k
B T

~
c

)

3

and
u

ferm
ions

=
78
u

bosons
(6.39)

=
⇒

Totalenergy
density

for
m

ixture
ofparticles:

u
=

g
∗
·
π

2

30
k

B T

(

k
B T

~
c

)

3

(6.54)

w
here

the
effective

degeneracy
factor

g
∗

=
∑

bosons g
B

(

T
B

T

)

4

+
78

∑

ferm
ions g

F

(

T
F

T

)

4

(6.55)

g
∗

counts
totalnum

ber
ofinternaldegrees

offreedom
ofall

relativistic
bosonic

and
ferm

ionic
species,i.e.,all

relativistic
particles

w
hich

are
in

therm
odynam

ic
equilibrium

T
he

pressure
is

obtained
from

E
q.(6.54)

via
P

=
u
/3.
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E
arly

U
niverse

1

E
arly

E
xpansion,I

K
now

ing
the

equation
ofstate,w

e
can

now
use

Friedm
ann

equations
to

determ
ine

the
early

evolution
ofthe

universe.

Friedm
ann:

Ṙ
2

=
8
π
G3

ρ
R

2
−

k
c

2
(3.55)

or,dividing
by

R
2

Ṙ
2

R
2

=
H

(t) 2
=

8
π
G3

ρ
−

k
c

2

R
2

(3.56)

B
ut:

T
he

early
universe

is
dom

inated
by

relativistic
particles

=
⇒

ρ
∝

R
−

4

=
⇒

D
ensity-term

dom
inates

=
⇒

w
e

can
setk

=
0.E

arly
universe

is
asym

ptotically
flat!

T
his

w
illprove

to
be

one
ofthe

m
ostcrucialproblem

s
ofm

odern
cosm

ology...
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E
arly

U
niverse

2

E
arly

E
xpansion,II

To
obtain

the
evolution

ofthe
early

universe,insertthe
E

quation
ofS

tate
(E

q.6.54)
into

E
q.(3.56):

H
(t) 2

=
8
π
G3

g
∗
π

2

30

(k
B T

) 4

(
~
c) 3

=
4
π

3G

45
(
~
c) 3

g
∗
(k

B T
) 4

(6.56)

such
that

H
(t)

=

(

4
π

3G

45
(
~
c) 3

)

1/2

g
1/2
∗

(k
B T

) 2
(6.57)

O
n

the
other

hand,since
ρ
∝

R
−

4
(relativistic

background),

ρ
=

ρ
0

(

R
0

R

)

4

(6.58)

Friedm
ann:

d
Rd
t

=

√

8
π
G

ρ
0

3

R
20

R
(6.59)

Introducing
the

dim
ensionless

scale
factor,

a
=

R
/R

0
(E

q.3.29),gives

d
ad
t

=

√

8
π
G

ρ
0

3

1a
=

:
ξa
−

1
(6.60)
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E
arly

U
niverse

3

E
arly

E
xpansion,III

A
nd

using
separation

ofvariables
gives

∫

a
(t)

0
a

d
a

=

∫

t

0
ξ

d
t

=
⇒

a
(t)

=
ξ

1/2
·
t 1/2

(6.61)

T
herefore,the

H
ubble

constantevolves
asH

(t)
=

ȧa
=

12
t

(6.62)

E
quating

E
qs.(6.57)

and
(6.62)

gives
the

tim
e-tem

perature
relationship:

t
=

(

45
(
~
c) 3

16
π

3G

)

1/2
1

g
1/2
∗

1

(k
B T

) 2
(6.63)

Inserting
allconstants

and
converting

to
m

ore
usefulunits

gives

t
=

2
.4

sec

g
1/2
∗

·

(

k
B T

1
M

eV

)

−
2

(6.64)

...one
ofthe

m
ostusefulequations

for
the

early
universe.
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E
arly

U
niverse

4

E
lem

entary
P

articles,I

B
ehavior

ofuniverse
depends

on
g
∗

=
⇒

S
trong

dependency
on

elem
entary

particle
physics.

G
enerally,particles

presentw
hen

energy
in

other
particles

allow
s

generation
of

particle–antiparticle
pairs,i.e.,w

hen
k

B T
&

m
c

2
(threshold

tem
perature)

C
urrentparticle

physics
provides

the
follow

ing
picture

(O
live,1999,Tab.1):

Tem
p.

N
ew

P
articles

4
g
∗

k
B T

<
m

e c
2

γ
’s

and
ν

’s
29

m
e c

2
<

k
B T

<
m

µ c
2

e
±

43

m
µ c

2
<

k
B T

<
m

π c
2

µ
±

57

m
π c

2
<

k
B T

<
k

B T
c

π
’s

69

k
B T

c
<

k
B T

<
m

strange c
2
−

π
’s+

u,ū,d,d̄,gluons
205

m
s c

2
<

k
B T

<
m

charm
c

2
s,s̄

247

m
c c

2
<

k
B T

<
m

τ c
2

c,c̄
289

m
τ c

2
<

k
B T

<
m

bottom
c

2
τ
±

303

m
b c

2
<

k
B T

<
m

W
,Z c

2
b,b̄

345

m
W

,Z c
2
<

k
B T

<
m

top c
2

W
±

,Z
381

m
t c

2
<

k
B T

<
m

H
iggs c

2
t,t̄

423

m
H c

2
<

k
B T

H
0

427

T
c :

energy
of

confinem
ent-deconfinem

entfor
transitions

quarks
=
⇒

hadrons,
som

ew
here

betw
een

150
M

eV
and

400
M

eV
.

E
xam

ple:
photons

(2
polarization

states,i.e.,
g

=
2)

and
three

species
ofneutrinos

(g
=

1,butw
ith

distinguishable
anti-particles)

=
⇒

g
∗

=
2

+
(7

/8
)
·2
·3

=
58

/8
=

29
/4.
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E
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U
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5

E
lem

entary
P

articles,II

1.6
2.0

2.4
2.8

3.2
3.6

4.0

g
*

Log(T
/M

eV
)

T
  =

400 M
eV

T
  =

150 M
eV

c

c

0 20 40 60 80

100

(O
live,1999,F

ig.1)

W
illnow

consider
tim

es
w

hen
only

N
eutrinos

and
E

lectron/P
ositrons

present

(after
baryogenesis,see

nextlecture
for

that).
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E
arly

U
niverse

6

Interlude

P
revious

(abstract)
form

ulae
allow

to
estim

ate
quantities

like

1.T
he

existence
and

energy
ofprim

ordialneutrinos,

2.T
he

form
ation

of neutrons,

3.T
he

form
ation

of heavier
elem

ents.

D
etailed

com
putations

require
solving

nonlinear
differentialequations

=
⇒

difficult,only
num

erically
possible.

E
ssentially,need

to
self-consistently

solve
B

oltzm
ann

equation
in

expanding
universe

for
evolution

ofphase
space

density
w

ith
tim

e,using
the

correctQ
C

D
/Q

E
D

reaction
rates

=
⇒

too
com

plicated
(atleastfor

m
e...).

W
illuse

approxim
ate

analyticalw
ay

here,w
hich

gives
surprisingly

exact

answ
ers.
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E
arly

U
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7

N
eutrinos,I

N
eutrino

equilibrium
caused

by
w

eak
interactions

such
as

e
−

+
e

+
←
→

ν
+

ν̄
or

e
−

+
ν
←
→

e
−

+
ν

etc.
(6.65)

R
eaction

rate
for

these
processes:Γ

=
n
〈σ

v
〉

(6.66)

w
here

the
therm

ally
averaged

interaction
cross-section

is

〈σ
v
〉
≈

〈

α
2p

m
4W

·p

〉

∼
10
−

2 (k
B T

) 2

m
4W

(6.67)

m
W

:
m

ass
ofW

-boson
(exchange

particle
ofw

eak
interaction),α

≈
1
/137:

fine
structure

constant.

B
utin

the
ultra-relativistic

lim
it,

n
∝

T
3

(E
q.6.38),such

that

Γ
w

eak
∝

α
2T

5

m
4W

(6.68)
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E
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U
niverse

8

N
eutrinos,II

B
ecause

ofE
qs.(6.62)

and
(6.63),the

tem
perature

dependence
ofthe

H
ubble

constantis

H
(T

)
=

1
.66

g
1
/2
∗
·
T

2

m
P

(6.69)

w
here

m
P

is
the

P
lanck

m
ass,m

P c
2

=
1
.22
×

10
19

G
eV

(see
later,E

q.6.122).

N
eutrino

equilibrium
possible

as
long

as
Γ

w
eak

>
H

,i.e.,(inserting
exact

num
bers)

k
B T

dec
&

(

500
c

6
m

4W

m
P

)

1
/3

∼
1

M
eV

(6.70)

N
eutrinos

decouple
∼

1
s

after
the

big
bang.

T
his

follow
s

from
E

q.(6.64),rem
em

bering
thatfor

this
phase,g

∗
∼

10.

S
ince

decoupling,prim
ordialneutrinos

justfollow
expansion

ofuniverse,virtually

no
interaction

w
ith

“us”
anym

ore.
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E
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U
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E
ntropy,I

T
he

entropy
ofparticles

is
defined

through

S
=

E
+

P
V

T
(6.71)

Im
portantfor

cosm
ology:

relativistic
lim

it.
D

efine
the

entropy
density,

s
=

SV
=

E
/V

+
P

T
=

u
+

P

T
≈

43

uT
(6.72)

(laststep
for

relativistic
lim

it;E
q.6.40)

Inserting
E

q.(6.39)
(u
∝

(7
/8

)T
4;7

/8
for

F
erm

ions
only)

gives

s
=

78

2
π

2

45
g
k

B

(

k
B T

~
c

)

3

=
78

2
π

4

45
ζ
(3

)
k

B
n

(6.73)

S
ince

s
∝

n
for

backgrounds,η
=

n
C

M
B

R /n
baryons

is
often

called
“entropy

per
baryon ”.
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E
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E
ntropy,II

F
or

a
m

ixture
ofbackgrounds,E

q.(6.73)
gives

sk
B

=
g
∗,S
·

2
π

2

45

(

k
B T

~
c

)

3

(6.74)

w
here

g
∗,S

is
the

analogue
to

g
∗

(E
q.6.55),

g
∗,S

=
∑

bosons g
B

(

T
B

T

)

3

+
78

∑

ferm
ions g

F

(

T
F

T

)

3

(6.75)

N
ote

thatifthe
species

are
notatthe

sam
e

tem
perature,g

∗
6=

g
∗,S .

E
ntropy

per
m

ass
today:

SM
=

10
16

Ω
h

2
erg

K
−

1
g
−

1
(6.76)

w
hile

the
entropy

gain
ofheating

w
ater

at300
K

by
1

K
is
∼

1
.4
×

10
5

erg
K
−

1
g
−

1.

=
⇒

“H
um

an
attem

pts
to

obey
2nd

law
...are

sw
am

ped
by

...m
icrow

ave
background”

(P
eacock,

1999,p.277).

=
⇒

S
=

const.for
universe

to
very

good
approxim

ation.

=
⇒

U
niverse

expansion
is

adiabatic!
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R
eheating

A
fter

decoupling
ofneutrinos,neutrino

distribution
justgets

redshifted
(sim

ilar
to

C
M

B
R

,

E
q.6.19):

T
ν

T
dec

=
R

dec

R
(t)

=
⇒

T
ν
∝

R
−

1
(6.77)

O
n

the
other

hand,the
tem

perature
ofthe

universe
is

T
∝

g
1/3
∗,S

R
−

1
(6.78)

T
his

follow
s

from
S
/V
∝

T
3

(E
q.6.74),V

∝
R

3,and
S

=
const.(adiabatic

expansion
ofthe

universe).

=
⇒

as
long

as
g
∗,S

=
const.w

e
have

T
ν

=
T

=
⇒

Im
m

ediately
after

decoupling, neutrino
background

appears
as

ifitis
stillin

equilibrium
.

H
ow

ever:
Tem

perature
for

neutrino
decoupling

∼
2
m

e c
2.

B
ut,for

k
T

B
B

<
2
m

e c
2,pair

creation,

γ
+

γ
←
→

e
−

+
e

+
(6.79)

is
kinem

atically
im

possible.

=
⇒

S
hortly

after
neutrino

decoupling:
e
±

annihilation

=
⇒

g
∗,S

changes!

=
⇒

W
e

expectthat
T

C
M

B
R
6=

T
ν .
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E
arly

U
niverse

12

R
eheating

D
ifference

in
g
∗,S :

•
before

annihilation:
e
−

,e
+

,
γ

=
⇒

g
∗,S

=
2

+
2
·2
·
(7

/8
)=

11
/2.

•
after

annihilation:
γ

=
⇒

g
∗,S

=
2

B
ut:

the
totalentropy

for
particles

in
equilibrium

conserved
(“expansion

is
adiabatic”):

g
∗,S (T

before )
·
T

3before
=

g
∗,S (T

after )
·
T

3after
(6.80)

such
that

T
after

=

(

114

)

1/3

T
before

∼
1
.4
·
T

before
(6.81)

S
ince

T
after

>
T

before :
“reheating”.

N
ote

thatin
reality

the
annihilation

is
notinstantaneous

and
T

decreases
(albeitless

rapidly)
during

“reheating”...

=
⇒

S
ince

neutrino-background
does

not“see”
annihilation

=
⇒

justcontinues
to

cool

=
⇒

currenttem
perature

ofneutrinos
is

T
ν

=

(

411

)

1/3

T
C

M
B

R
∼

1
.95

K
(6.82)
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B
ig

B
ang

N
ucleosynthesis:

T
heory

1

H
istory

A
fter

reheating:
universe

consists
ofp,n,γ

(and
e
−

to
preserve

charge
neutrality)

=
⇒

Ingredients
for

B
ig

B
ang

N
ucleosynthesis

(B
B

N
).

H
istoricalperspective:

C
ross

section
to

m
ake

D
euterium

:

〈σ
v
〉(p

+
n
→

D
+

γ
)
∼

5
×

10
−

20
cm

3
s
−

1
(6.83)

F
urtherm

ore,w
e

need
tem

peratures
ofT

B
B

N
∼

100
keV

,i.e.,
tB

B
N
∼

200
s

(E
q.6.64).

B
y

E
q.(6.20)

this
im

plies
a

particle
density

of

n
∼

1

〈σ
v
〉
·
tB

B
N
∼

10
17

cm
−

3
(6.84)

Today:
B

aryon
density

n
B
∼

10
−

7
cm
−

3.
S

ince
n
∝

R
−

3,

T
(today)

=

(

n
Bn

)

1/3

·
T

B
B

N
∼

10
K

(6.85)

pretty
close

to
the

truth...

T
he

above
discussion

w
as

firstasserted
by

G
eorge

G
am

ov
and

cow
orkers

in
1948,and

w
as

the
first

prediction
ofthe

cosm
ic

m
icrow

ave
background

radiation!

O
bservations:

B
B

N
is

required
by

observations,since
no

other
production

region
for

D
euterium

know
n,and

since
H

e-abundance
∼

25%
by

m
ass

everyw
here.

I

E
F

CO

D
R

I

L

A
I

N

R

D
N

XA E A

E
S
I

I

C

ML
MV

A

AI

AD

R

E

L
G E

6–31

B
ig

B
ang

N
ucleosynthesis:

T
heory

2

P
roton/N

eutron,I

Initialconditions
for

B
B

N
:S

etby
P

roton-N
eutron-R

atio.

F
or

t
≪

1
s,equilibrium

via
w

eak
interactions:

n
←
→

p
+

e
−

+
ν̄

e

ν
e

+
n
←
→

p
+

e
−

e
+

+
n
←
→

p
+

ν̄
e

(6.86)

R
eactions

fastas
long

as
particles

relativistic.

B
utonce

T
∼

1
M

eV
:

n,p
becom

e
non-relativistic

=
⇒

B
oltzm

ann
statistics

applies
(or

use
E

q.6.51):
n

n

n
p

=
e
−

∆
m

c
2/k

B T
=

e
−

1
.3

M
eV

/k
B T

(6.87)

=
⇒

S
uppression

ofn
w

ith
respectto

p
because

oflarger
m

ass

(m
n c

2
=

939
.57

M
eV

,
m

p c
2

=
938

.27
M

eV
)
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B
ig

B
ang

N
ucleosynthesis:

T
heory

3

P
roton/N

eutron,II

A
s

usual,the
n,p

abundance
freezes

outw
hen

Γ
≫

H
.

F
or

the
neutron,proton

equilibrium
,the

reaction
rate

is

Γ
(ν

e
+

n
↔

p
+

e
−
)
∼

2
.1

(

T

1
M

eV

)

5

s
−

1
(6.88)

T
he

neutron
abundance

freezes
outatk

B T
∼

0
.8

M
eV

(t
=

1
.7

s),such

thatn
n /n

p
=

0
.2

A
fter

that:
N

eutron
decay

(τ
n

=
886

.7
±

1
.2

s).

=
⇒

N
ucleosynthesis

has
to

be
over

before
neutrons

are
decayed

aw
ay!

=
⇒

N
ucleosynthesis

only
takes

a
few

m
inutes

atm
ost!
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B
ig

B
ang

N
ucleosynthesis:

T
heory

4

D
euterium

T
he

firststep
in

nucleosynthesis
is

the
form

ation
ofdeuterium

(binding
energy

E
B

=
2
.225

M
eV

,i.e.,1
.7

(m
n
−

m
p )c

2):

p
+

n
←
→

D
+

γ
(6.89)

N
ote:

B
oth

fusion
and

photodisintegration
are

possible:

Γ
fusion

=
n

B 〈σ
v
〉

(6.90)

Γ
photo

=
n

γ 〈σ
v
〉e
−

E
B /k

B T
(6.91)

A
tfirst:

photodisintegration
dom

inates
since

η
−

1
=

n
γ /n

B
∼

10
10

(see
E

q.6.73).

B
uild

up
ofD

is
only

possible
once

Γ
fusion

>
Γ

photo ,i.e.,w
hen

n
γ

n
B

e
−

E
B /k

B T
∼

1
(6.92)

Inserting
num

bers
show

s
that

D
euterium

production
starts

atk
B T
∼

100
keV

,or
t
∼

100
s.


