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Inflation:
P

roblem
s

1

Inflation

S
o

far,have
seen

thatB
B

w
orks

rem
arkably

w
ellin

explaining
the

observed
universe.

T
here

are,how
ever,m

any
problem

s
w

ith
the

classicalB
B

theories:

H
o

rizo
n

p
ro

b
lem

:
C

M
B

looks
too

isotropic
=⇒

W
hy?

F
latn

ess
p

ro
b

lem
:

D
ensity

close
to

B
B

w
as

very
close

to
Ω

=
1

(deviation∼
10 −

16
during

nucleosynthesis)
=⇒

W
hy?

H
id

d
en

relics
p

ro
b

lem
:

T
here

are
no

observed
m

agnetic
m

onopoles,although
predicted

by

G
U

T,neither
gravitinos

and
other

exotic
particles

=⇒
W

hy?

V
acu

u
m

en
erg

y
p

ro
b

lem
:

E
nergy

density
ofvacuum

is
10

120
tim

es
sm

aller
than

predicted

=⇒
W

hy?

E
xp

an
sio

n
p

ro
b

lem
:

T
he

universe
expands

=⇒
W

hy?

B
aryo

g
en

esis:
T

here
is

virtually
no

antim
atter

in
the

universe
=⇒

W
hy?

S
tru

ctu
re

fo
rm

atio
n

:
S

tandard
B

B
theory

produces
no

explanation
for

lum
piness

ofuniverse.

Inflation
attem

pts
to

answ
er

allofthese
questions.

(W
M

A
P

;P
age

etal.,2007)

courtesy
E

.W
right.
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Inflation:
P

roblem
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H
orizon

problem
,III

C
O

B
E

and
W

M
A

P
:T

here
are

tem
perature

fluctuations
in

C
M

B
on

10 ◦
scales:

∆
T

C
M

B

T
C

M
B

∼
2×

10 −
5

(7.1)

S
ize

ofobservable
universe

atgiven
epoch

(“particle
horizon”)

is
given

by

coordinate
distance

traveled
by

photons
since

the
big

bang
(E

q.3.43):

d
h

=
R

0 ·r
H (t)

=

∫
t

0

c
d
t

a
(t)

(7.2)

F
or

a
m

atter
dom

inated
universe

w
ith

Ω
=

1,

a
(t)

=

(
3
H

0

2
t )

2
/3

(3.72)

such
thatfor

t
=

t0
=

2
/(3

H
0 )

(E
q.3.73):

d
h (t0 )

=
3
c

(3
H

0 /2
) 2

/3
t 1

/3
0

=
2
c

H
0

(7.3)
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H
orizon

problem
,IV

F
or

m
atter

dom
inated

universes
atredshiftz,E

q.(7.3)
w

orks
outto

d
h ≈

6000
M

pc

h √
Ω
z

(7.4)

(P
eacock,1999,eq.11.2)

S
ince

C
M

B
decoupled

atz
∼

1000,atthattim
e

d
h ∼

200
M

pc,w
hile

today

d
h ∼

6000
M

pc

=⇒
currentobservable

volum
e∼

30000×
larger!

N
ote:

w
e

use
a

=⇒
allscales

refer
to

w
hatthey

are
now

,notw
hatthey

w
ere

w
hen

the
photons

started!

H
orizon

problem
:

W
hy

w
ere

causally
disconnected

areas
on

the
sky

so

sim
ilar

w
hen

C
M

B
lastinteracted

w
ith

m
atter?

N
ote

thatthe
horizon

distance
is

larger
than

H
ubble

length:

d
h

=
2
c

H
0
>

2
c

3
H

0
=

c·t0
=

d
H

(7.5)

R
eason

for
this

is
thatuniverse

expanded
w

hile
photons

traveled
tow

ards
us

=⇒
C

urrentobservable
volum

e
larger

than
volum

e
expected

in
a

non-expanding
universe.
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F
latness

problem
,I

C
urrentobservations

ofdensity
ofuniverse

roughly
im

ply

0
.01

.
Ω

.
2

i.e.,
Ω
∼

1
(7.6)

(w
illbe

better
constrained

later)

Ω
∼

1
im

poses
very

strictconditions
on

initialconditions
ofuniverse:

T
he

Friedm
ann

equation
(e.g.,E

q.3.57)
can

be
w

ritten
in

term
s

ofΩ
:

Ω
−

1
=

k

a
2H

2
=

ckȧ
2

(7.7)

F
or

a
nearly

flat,m
atter

dom
inated

universe,a
(t)∝

t 2
/3,such

that

Ω
(t)−

1

Ω
(t0 )−

1
=

(
tt0 )

2
/3

(7.8)

w
hile

for
the

radiation
dom

inated
universe

w
ith

a
(t)∝

t,

Ω
(t)−

1

Ω
(t0 )−

1
=

tt0
(7.9)
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F
latness

problem
,II

Today:
t0

=
3
.1×

10
17

h
−

1
s,i.e.,observed

flatness
predicts

for
era

of

nucleosynthesis
(t

=
1

s):Ω
(1

s)−
1

Ω
(t0 )−

1
∼

10 −
12

...10 −
16

(7.10)

i.e.,very
close

to
unity.

F
latness

problem
:

Itis
very

unlikely
thatΩ

w
as

so
close

to
unity

atthe

beginning
w

ithouta
physicalreason.

H
ad

Ω
been

differentfrom
1,the

universe
w

ould
im

m
ediately

have
been

collapsed
or

expanded
too

fast=⇒
A

nthropocentric
pointofview

requires
Ω

=
1.
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H
idden

relics
problem

M
odern

theories
ofparticle

physics
predictthe

follow
ing

particles
to

exist:

G
ravitin

o
s:

From
supergravity,spin

3
/2

particle
w

ith
m

c
2∼

100
G

eV
,ifit

exists,then
nucleosynthesis

w
ould

notw
ork

ifB
B

started
atk

T
>

10
9

G
eV

.

M
o

d
u

li:
S

pin-0
particles

from
superstring

theory,contents
ofvacuum

athigh

energies.

M
ag

n
etic

M
o

n
o

p
o

les:
P

redicted
in

grand
unifying

theories,butnotobserved.

H
idden

relics
problem

:
Ifthere

w
as

a
norm

albig
bang,then

strange

particles
should

exist,w
hich

are
notobserved

today.
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V
acuum

,Λ
,I

W
hatis

vacuum
?

N
otem

pty
space

butrather
ground

state
ofsom

e
physicaltheory

(R
eview

s:
C

arroll,P
ress

&
Turner

1992,C
arroll2001)

S
ince

ground
state

should
be

sam
e

in
allcoordinate

system
s

=⇒
V

acuum
is

Lorentz
invariant.

vac
P V

(after
P

eacock,1999,F
ig.1.3)

E
quation

ofstate
(Z

eldovich,1968):

P
vac

=
−

ρ
vac c

2
(7.11)

T
his

follow
s

directly
from

1stlaw
oftherm

odynam
ics:

ρ
vac

should
be

constantifcom
pressed

or

expanded,w
hich

is
true

only
for

this
type

ofequation
ofstate:

d
E

=
d
U

+
P

d
V

=
ρ

vac c
2

d
V

−
ρ

vac c
2

d
V

=
0

(7.12)
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V
acuum

,Λ
,II

ρ
vac

defines
E

instein’s
cosm

ologicalconstant

Λ
=
−

8
π
G

ρ
vac

c
4

(7.13)

A
dding

ρ
vac

to
the

Friedm
ann

equations
allow

s
to

define

Ω
Λ

=
ρ

vac

ρ
crit

=
ρ

vac

3
H

2/8
π
G

=
c

4Λ

3
H

2
(7.14)

C
lassicalphysics:

P
articles

have
energy

E
=

T
+

V
(7.15)

and
force

is
F

=
−
∇

V
,i.e.,can

add
constantw

ithoutchanging
equation

of

m
otion

=⇒
In

classicalphysics,w
e

are
able

to
define

ρ
vac

=
0!

Q
uantum

m
echanics

is
(as

usual)
m

ore
difficult.
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V
acuum

,Λ
,III

V
acuum

in
quantum

m
echanics:

-4
-2

0
2

4
x (m

ω
/(h/2π)) 1/2

E
/(m

ω
(h/2π)), Ψ

1 2 3

n=
0

n=
1

n=
2

S
im

plestcase:
harm

onic
oscillator:

V
(x

)
=

12
m

ω
2x

2
i.e.,

V
(0

)
=

0

(7.16)

H
ow

ever,particles
can

only
have

energies

E
n

=
12
~
ω

+
n
~
ω

w
here

n
∈N(7.17)

=⇒
V

acuum
state

has
zero

point

energy

E
0

=
12
~
ω

(7.18)

S
im

ple
consequence

ofuncertainty
principle!

In
Q

M
,w

e
could

norm
alize

V
(x

)
such

thatE
0

=
0,im

portanthere
is

thatvacuum
state

energy
differs

from
classicalexpectation!



I

E
F

CO

D
R

I

L

A
I

N

R

D
N

XA E A

E
S
I

I

C

ML
MV

A

AI

AD

R

E

L
G E

7–13

Inflation:
P

roblem
s

12

V
acuum

,Λ
,IV

Q
uantum

field
theory:

F
ield

as
collection

ofharm
onic

oscillators
ofallfrequencies.

S
im

plestcase:

spinless
boson

( “scalar
field”,φ

).

=⇒
V

acuum
energy

is
the

sum
ofallcontributing

ground
state

m
odes:

E
0

=
∑

j

12
~
ω

j
(7.19)

C
alculate

sum
by

putting
system

in
box

w
ith

volum
e

L
3,and

then
L
−→

∞
.

B
ox

=⇒
periodic

boundary
conditions:

λ
i
=

L
/n

i
⇐
⇒

k
i
=

2
π
/λ

i
=

2
π
n

i /L
(7.20)

for
n

i ∈N

=⇒
there

are
d
k

i L
/2

π
discrete

w
avenum

bers
in

[k
i ,k

i +
d
k

i ],such
that

E
0

=
12
~
L

3 ∫
ω

k

(2
π
) 3 d

3
k

w
here

ω
2k

=
k

2
+

m
2/

~
2

(7.21)

Im
posing

cutoff
k

m
ax :

ρ
vac c

2
=

lim
L→

∞
E

0

L
3

=
~

k
4m

ax

16
π

3
(7.22)

D
ivergentfor

k
m

ax −→
∞

(“ ultravioletdivergence”).
N

otw
orrisom

e
as

w
e

expectsim
ple

Q
M

to
break

dow
n

atlarge
energies

anyw
ay

(ignored
collective

effects,
etc.).
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V
acuum

,Λ
,V

W
hen

does
classicalquantum

m
echanics

break
dow

n?

E
stim

ate:
F

orm
ation

of“Q
uantum

black
holes”:

λ
de

B
roglie

=
2
π
~

m
c

<
2
G

m

c
2

=
r

S
chw

arzschild
(7.23)

=⇒
D

efines
P

lanck
m

ass:

m
P

=

√
~
cG

=̂
1
.22×

10
19

G
eV

(7.24)

C
orresponding

length
scale:

P
lanck

length:

lP
=

~

m
P

=

√
~
Gc
3
∼

10 −
37

cm
(7.25)

...and
tim

e
scale

(P
lanck

tim
e):

tP
=

lPc
=

√
~
Gc
5
∼

10 −
47

s
(7.26)

=⇒
Lim

its
ofcurrentphysics

untilsuccessfultheory
ofquantum

gravity.

T
he

system
ofunits

based
on

lP ,
m

P ,
tP

is
called

the
system

ofP
lanck

units.
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V
acuum

,Λ
,V

I

To
calculate

the
Q

F
T

vacuum
energy

density,choose

k
m

ax
=

m
P c

2/
~

(7.27)

Inserting
into

E
q.(7.22)

gives

ρ
vac c

2
=

10
74

G
eV

~
−

3
or

ρ
vac ∼

10
92

g
cm

−
3

(7.28)

a
tad

biton
the

high
side

(∼
10

120
higher

than
observed).

Inserting
ρ

vac
in

Friedm
ann

equation:
T

<
3

K
at

t
=

10 −
41

s
after

B
ig

B
ang.

To
obtain

currentuniverse
w

e
require

k
m

ax
=

10 −
2

eV
=⇒

Less
than

binding
energy

ofH
ydrogen,

w
here

Q
M

definitively
w

orks!

V
acuum

energy
problem

:
C

ontributions
from

virtualfluctuations
ofallparticles

m
ust

cancelto
very

high
precision

to
produce

observable
universe.

C
asim

ir
effect:

force
betw

een
conducting

plates
ofarea

A
and

distance
a

in
vacuum

is
F

C
asim

ir
=

~
cA

π
2/(240

a
4)

=⇒
caused

by
incom

plete
cancellation

ofquantum
fluctuations.

C
onfirm

ed
by

Lam
oreaux

in
1996

at5%
level.
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E
xpansion

problem

C
osm

ologicalE
xpansion:

G
R

predicts
expansion

ofthe
universe,butinitialconditions

for
expansion

are
not

set!

C
lassicalcosm

ology:
“T

he
unverse

expands
since

ithas
expanded

in
the

past”

=⇒
H

ardly
satisfying...

C
osm

ologicalE
xpansion

P
roblem

:
W

hatis
the

physicalm
echanism

responsible
for

the
expansion

ofthe
universe?

To
putitm

ore
bluntly:

“T
he

B
ig

B
ang

m
odelexplains

nothing
aboutthe

origin
ofthe

universe
as

w
e

now
perceive

it,

because
allthe

m
ostim

portantfeatures
are

‘predestined’by
virtue

ofbeing
builtinto

the
assum

ed

initialconditions
near

to
t

=
0.”

(P
eacock,1999,p.324)



I

E
F

CO

D
R

I

L

A
I

N

R

D
N

XA E A

E
S
I

I

C

ML
MV

A

AI

AD

R

E

L
G E

7–17

Inflation:
P

roblem
s

16

B
aryogenesis

Q
uantitatively:

Today:

N
p

N
γ ∼

10 −
9

but
N

p̄

N
γ ∼

0
(7.29)

A
ssum

ing
isotropy

and
hom

ogeneity,this
is

puzzling:
V

iolation
ofC

opernican

principle!

A
ntim

atter
problem

:
T

here
are

m
ore

particles
than

antiparticles
in

the

observable
universe.

S
akharov

(1968):
A

sym
m

etry
im

plies
three

fundam
entalproperties

for
theories

ofparticle
physics:

1.
C

P
violation

(particles
and

antiparticles
m

ustbehave
differently

in
reactions,observed,e.g.,in

the
K

0
m

eson),

2.
B

aryon
num

ber
violating

processes
(m

ore
baryons

than
antibaryons

=⇒
P

rediction
by

G
U

T
),

3.
D

eviation
from

therm
alequilibrium

in
early

universe
(C

P
T

theorem
:
m

X
=

m
X̄

=⇒
sam

e

num
ber

ofparticles
and

antiparticles
in

therm
alequilibrium

).
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S
tructure

form
ation

F
inalproblem

:
structure

form
ation

In
the

classicalB
B

picture,the
initialconditions

for
structure

form
ation

observed
are

notexplained.
F

urtherm
ore,assum

ing
the

observed

Ω
baryons ,the

observed
structures

(=
us)

cannotbe
explained.

T
he

theory
ofinflation

attem
pts

to
explain

allofthe
problem

s
m

entioned
by

invoking
phase

ofexponentialexpansion
in

the
very

early
universe

(t
.

10 −
16s).
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heory
1

B
asic

Idea,I

U
se

the
Friedm

ann
equation

w
ith

a
cosm

ologicalconstant:

H
2(t)

=

(
ȧa )

2

=
8
π
G

ρ

3
−

ka
2

+
Λ3

(7.30)

B
asic

assum
ption

ofinflationary
cosm

ology:

D
uring

the
big

bang
there

w
as

a
phase

w
here

Λ
dom

inated
the

Friedm
ann

equation.

H
(t)

=
ȧa

=

√
Λ3

=
const.

(7.31)

since
Λ

=
const.(probably...).

S
olution

ofE
q.(7.31):

a
∝

e
H

t
(7.32)

and
inserting

into
E

q.(7.7)
show

s
that

Ω
−

1
=

k

a
2H

2 ∝
e −

2
H

t
(7.33)
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Inflation:
T

heory
2

B
asic

Idea,II

W
hen

did
inflation

happen?

Typicalassum
ption:

Inflation
=

phase
transition

ofa
scalar

field
(“inflaton”)

associated
w

ith
G

rand
U

nifying
T

heories.

T
herefore

the
assum

ptions:

•
tem

perature
k
T

G
U

T
=

10
15

G
eV

,w
hen

1
/H

∼
10 −

34
sec

(tstart ∼
10 −

34
s).

•
inflation

lasted
for

100
H

ubble
tim

es,i.e.,for
∆

T
=

10 −
32

s.

W
ith

E
q.(7.32):

Inflation:
E

xpansion
by

factor
e

100∼
10

43.

...corresponding
to

a
volum

e
expansion

by
factor∼

10
130

=⇒
solves

hidden
relics

problem
!

F
urtherm

ore,E
q.(7.33)

show
s

Ω
−

1
=

10 −
86

(7.34)

=⇒
solves

flatness
problem

!
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Inflation:
T

heory
3

B
asic

Idea,III

Tem
perature

behavior:
D

uring
inflation

universe
supercools:

R
em

em
ber:

entropy
density

s
=

ρ
c

2
+

P

T
(6.72)

B
utfor

Λ
:

p
=
−

ρ
c

2
(7.11)

so
thatthe

entropy
density

ofvacuum

s
vac

=
0

(7.35)

Trivialresultsince
vacuum

is
justone

quantum
state

=⇒
very

low
entropy.

Inflation
produces

no
entropy

=⇒
S

existing
before

inflation
gets

diluted,since
entropy

density

s∝
a −

3.

B
utfor

relativistic
particles

s∝
T

3
(E

q.6.74),such
that

a
T

=
const.

=⇒
T

after
=

10 −
43T

before
(7.36)

W
hen

inflation
stops:

vacuum
energy

ofinflaton
field

transferred
to

norm
alm

atter

=⇒
“R

eheating”
to

tem
perature

T
reheating ∼

10
15

G
eV

(7.37)
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Inflation:
T

heory
4

S
um

m
ary

T
(t)

a(t)
a(t)

T
(t)

inflation
reheating

tim
e

tim
e

(after
B

ergström
&

G
oobar,1999,F

ig.9.1,and
K

olb
&

Turner,F
ig.8.2)
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Inflation:
T

heory
5

S
calar

F
ields,I

F
or

inflation
to

w
ork:

need
short-term

cosm
ologicalconstant,i.e.,need

particles

w
ith

negative
pressure.

B
asic

idea
(G

uth,1981):
phase

transition
w

here
suddenly

a
large

Λ
happens.

H
ow

?
=⇒

Q
uantum

F
ield

T
heory!

D
escribe

hypotheticalparticle
w

ith
a

tim
e-dependentquantum

field,
φ
(t),and

potential,V
(φ

).

S
im

plestexam
ple

from
Q

F
T

(~
=

c
=

1):V
(φ

)
=

12
m

2φ
2

(7.38)

w
here

m
:

“m
ass

offield”.
P

article
described

by
φ

:
“inflaton”.

F
or

allscalar
fields,particle

physics
show

s:

ρ
φ

=
12
φ̇

2
+

V
(φ

)
(7.39)

P
φ

=
12
φ̇

2−
V

(φ
)

(7.40)

i.e., obeys
vacuum

equation
ofstate!

“V
acuum

”:
particle

“sits”
atm

inim
um

ofV
.
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Inflation:
T

heory
6

S
calar

F
ields,II

Typically:
potentiallooks

m
ore

com
plicated.

D
ue

to
sym

m
etry,after

harm
onic

oscillator,2
nd

sim
plestpotential:

M
exican

hatpotential(“H
iggs

potential ”),

V
(φ

)
=

−
µ

2φ
2
+

λ
φ

4
(7.41)

=⇒
M

inim
um

ofV
stilldeterm

ines

vacuum
value.

F
or

T
6=

0,w
e

need
to

take
interaction

w
ith

therm
albath

into
account

=⇒
Tem

perature
dependentpotential!

V
eff (φ

)
=
−

(µ
2−

a
T

2)φ
2
+

λ
φ

4
(7.42)

w
here

a
som

e
constant.

(m
inim

ization
ofH

elm
holtz

free
energy,see

P
eacock,1999,,p.329ff.,for

details)
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Inflation:
T

heory
7

S
calar

F
ields,III

0.0
0.2

0.4
0.6

0.8
1.0

φ (arbitrary units)

-0.1

0.0

0.1

0.2

0.3

V(φ) (arbitrary units)

T
he

m
inim

um
ofV

is
at

φ
=


0

for
T

>
T

c
√

µ
2−

a
T

2

2λ
for

T
<

T
c

(7.43)

w
here

the
criticaltem

perature

T
c

=
µ
/ √

a
(7.44)

and

V
m

in
=


0

for
T

>
T

c

−
(µ

2−
a
T

2)
2

4λ
for

T
<

T
c

(7.45)

S
ince

sw
itch

happens
suddenly:

phase
transition
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Inflation:
T

heory
8

S
calar

F
ields,IV

M
inim

um
V

m
in

for
T

>
T

c
sm

aller
than

“vacuum
m

inim
um

”

=⇒
B

ehaves
like

a
cosm

ologicalconstant!

S
ince

T
c ∝

µ
,

Inflation
sets

in
atm

ass
scale

ofw
hatever

scalar
field

produces
inflation.

G
rand

U
nifying

T
heories:

m
∼

10
15

G
eV

.

T
he

problem
is,w

hatV
(φ

)
to

use...
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Inflation:
T

heory
9

F
irst-O

rder
Inflation

0.0
0.2

0.4
0.6

0.8
1.0

φ (arbitrary units)

-0.05

0.00

0.05

0.10

V(φ) (arbitrary units)

(after
P

eacock,1999,F
ig.11.2)

O
riginalidea

(G
uth,1981):

V
(φ

,T
)

=
λ|φ| 4−

b|φ| 3
+

a
T

2|φ| 2
(7.46)

has
tw

o
m

inim
a

for
T

greater
than

a
critical

tem
perature:

V
m

in (φ
=

0
):

false
vacuum

V
m

in (φ
>

0
):

true
vacuum

iff
<

0.

P
article

can
tunnelbetw

een
both

vacua:
first

order
phase

transition
=⇒

firstorder
inflation.

P
roblem

:
vacuum

tunnels
betw

een
false

and
true

vacua
=⇒

form
ation

ofbubbles.

O
utside

ofbubbles:
inflation

goes
infinitely

(“ gracefulexitproblem
”).

F
irstorder

inflation
is

notfeasible.
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Inflation:
T

heory
10

S
um

m
ary

F
irstorder

inflation
does

notw
ork

=⇒
P

otentials
derived

from
G

U
T

s
do

notw
ork.

=⇒
H

ow
ever,m

any
em

piricalpotentials
do

notsuffer
from

these
problem

s.

=⇒
inflation

is
still

theory
ofchoice

for
early

universe.

C
atchphrases

(Liddle
&

Lyth,2000,C
h.8):

•
chaotic

inflation,
•

supersym
m

etry/-gravitation
=⇒

tree-levelpotentials,
•

renorm
alizable

globalsusy,
•

pow
er-law

inflation,
•

hybrid
inflation

(com
bination

oftw
o

scalar
fields)

=⇒
spontaneous

or
dynam

icalsusy
breaking,

•
scalar-tensor

gravity

and
m

any
m

ore...
A

llare
som

ew
hatad

hoc,and
have

m
ore

or
less

foundations
in

m
odern

theories
ofQ

M
and

gravitation.

Inform
ation

on
w

hatm
odelis

correctcom
es

from

1.
predicted

seed
to

structure
form

ation,and

2.
values

of
Ω

and
Λ

.

=⇒
D

eterm
ine

Ω
and

Λ
!
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