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Question 1: Fourier Transforming a Differential Equation

As shown in the lecture, one of the crucial equations to solve when looking at the emission of radiation
from accelerated charges has the form

1 0%W(x,t

which can be solved using a Green’s functions Ansatz, where the Green’s function G(x,t;x’,t') is the

solution of 20 .
1 .
VG(x, ;%) — 2()(@,;2,)(,15) = —47é(x —x')o(t — t') (4.23))
c

The solutions of this equation can be best obtained when working in Fourier space, where the Fourier
transform is defined through
fx,w) = /f(x, t)et®idt and G(x,w;x,t') = /G(x, t:x', t)et™ide (14.25))
and where the inverse transform is
f(x,t) /f x,w)e “'dw and G(x,t;x,t) /G x,w; X, e “dw (4.27))

a) By inserting the inverse Fourier transform of G(x,t;x’,t'), show that

1 ,
ViG(x, ;%) = 2/ (VZG(x,w;X’,t’)) e “ldw (4.30))
T

Because the Fourier transform operates on ¢ and not on t/, the V2 and | can be interchanged:
1 .
V3G (x,t; %, t') = V? <2/G(x,w;x’,t’)e“”tdw> (s1.1)
T

since V? operates on the x variable only, this can be written as

1

27T/(V G(x,w;x', ")) e “dw (s1.2)

b) By inserting the inverse Fourier transform of G(x,t;x’,t¢"), show that

1 0°G(x, t;x,t) 1

B R v R 27r/lﬂzG(x,w;x’,t')e_i”tdf,u (14.33))

where k = w/c.

1 0?G(x,t; %', 1) 10% /1 P
_ = —_ | = : w 1.
2 v 252 (277 /G(x,w,x e dw) (s1.3)
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Since the integral operates on w only, [ and 02 can be exchanged:

1

=— / WG(X,U); x' ') (iw)?e” ™ dw (s1.4)
introducing k = w/c then gives
1 2 ! —twt
=50 E°G(x,w;x', t')e " dw (s1.5)
¢) Making use of one of the definitions of the J-function,
L[t
5(t) = 7 / e“tdw (4.34)
(which you can only use if you are not a mathematician...) and of
St—t)=6(t—1) (w1.6)
show that )
(—4m)d(x —x)o6(t —t') = o /(—477)6(}( —x)e! e " dw (14.36))
| With the above )
St —1) = 5 / RECOR (s1.6)
such that )
| (—4m)o(x — x)o(t —t') = o /(—47T)6(x — x')e™ el dy (s1.7)




